Abstract.-The phenomenological theory of resonance of a nonlinear anelastic reed is presented. It predicts three modes of oscillation, one in which amplitude and phase are constant and two in which they vary in time. The automodulations corresponding to the latter two can either be sinusoidal or have square wave character. Nonlinear resonances and both types of automodulations have been observed in CuAlNi alloys in the vicinity of the martensitic transformation. They are attributed to the motion of interfaces.
Abstract.-The phenomenological theory of resonance of a nonlinear anelastic reed is presented. It predicts three modes of oscillation, one in which amplitude and phase are constant and two in which they vary in time. The automodulations corresponding to the latter two can either be sinusoidal or have square wave character. Nonlinear resonances and both types of automodulations have been observed in CuAlNi alloys in the vicinity of the martensitic transformation. They are attributed to the motion of interfaces.
Introduction.-The classical theory of the standard or linear anelastic solid (1,2) is not adequate for anelastic studies performed at finite deformations. This is particularly true in investigations of first order martensitic transformations or interface controlled deformations in general where finite deformations are of the essence. In these cases the theory of the standard anelastic solid must be extended to include nonlinear phenomena.
In this paper the theory of the nonlinear anelastic solid will be formulated for the case of resonance. The theoretical predictions are qualitatively compared to nonlinear resonances and the accompanying automodulations observed in Cu-Al-Ni alloys and other metals.
Equation of
Motion of a Nonlinear Anelastic Reed.-Both interface controlled deformations in general and martensitic transformations in particular constitute responses of a solid to a shear stress. The experiments in progress are being performed by bending a reed periodically. It is thus of interest to ascertain how compression and shear deformations enter into the flexural oscillations of a reed.
Basically, flexural oscillations of a reed represent standing antisymmetric Lamb waves (3) . While the velocity of the Lamb wave is dependent on the thickness of the reed the velocity of the bulk shear wave is solely dependent on the shear elastic constants and the density of the specimen. Hence, it may appear that the relationship between the bulk shear wave and the flexural vibration of a reed is Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jphyscol:19815158 rather complex. This is not so, however. When the wave length of a deformation wave is comparable to the thickness, the bulk deformation waves can no longer propagate along the direction perpendicular to the surface of the reed. In order to satisfy the boundary condition at the surface, the wave must be reflected at the surface of the reed. The angle of the reflection must satisfy a Bragg condition so that the multiply reflected wave can be guided through the reed. Hence, the deformation wave with a wave length longer than 2d cannot propagate in the reed with a thickness d. As the wave length of the compression wave of a given frequency is longer than the wave length of the shear wave of the same frequency, the vibration of a reed with the lowest possible frequency must consist mainly of the multiply reflected bulk shear wave. It is therefore justified to use the deflection of the reed from its equilibrium position, x, as a shear deformation parameter.
The differential equation of motion of a nonlinear anelastic reed has been derived (4) and is given by where w o is the eigenfrequency of the reed and
In equation (2) the constants Cri and CUi denote the relaxed and unrelaxed deformation parameters of order i, and E is the external driving force. The equation can be solved by the Krylow-Bogoliubov averaging technique (5). This technique is based on the assumption that the function f represents a small pertubation of the equation of motion of the undamped linear oscillator. The constant amplitude and phase of the solution of the latter may thus be expected to be slowly varying functions of time. Hence, a solution of the form 
The resulting expressions for the amplitude and phase dependence on wl/wo are sufficiently cumbersome that only a typical resonance curve obtained from these equations is shown in Fig. lb . It should be pointed out, however, that in the limit of infinitesimal oscillations ~q s . (3) through (5) yield the well known result for a linear oscillator with small damping. The mode of oscillation corresponding to the condition (6) is not the only one which can occur. Suppose the functions e are all i comparable to 1-w:/w2 so that 8 + 0 at all times. In that case the phase will be modulated and through Eq. (4a) a modulated amplitude will result. The occurrence and details of this automodulation depend in an intricate fashion of the deformation parameters and the relaxation time. It may be noted, though, that in the simple case where @.<<I and wor<<l Eq. (4b) yields in the vicinity of resonance 6 = wl-wo. In that case the frequency of the automodulations is simply the beat frequency between the natural and drive frequencies. A third mode of oscillation of the reed is possible yet. In terms of Eq. (2) it occurs when the damping term is not small but rather controlling. In that case relaxation oscillations may develop the timing of which is determined by the damping characteristics of the reed at finite deformations (6) . In contrast to the sinusoidal oscillations expected when the function f in Eq. (2) Experimental Results.-The flexural oscillations of a reed are being studied using a modified version of the apparatus which has already been described (4). The I modification consisted of introducing a drive mechanism rendering the driving force independent of .Or0 -the amplitude of oscillation even when it is large. This was achieved by arranging permanent Sm-Co magnets at the end of the reed and driving them with a con-
stant gradient Helmholtz coil. The samples were made from 82.9% Fig. 2 : Resonance curve of a CU, 14.1% ~l , 3 .0 wt% Ni single 82;9 wt% Cu, 14.1 wt% Al, 3.0 wt% crystals cut so that the flexural Ni alloy (sample A) measured at A_, % is the sample length. oscillations corresponded to a
All of the three modes of oscillation described above are observed. Typical examples of a steady state resonance, sinusoidal and relaxation type automodulation are shown in Figs. (lb) , (2) and (3) .
The resonance curve compares well with Fig. (la) . The temperature dependence of the resonance behavior indicated a sharp increase of the damping at the Af temperature. The nonlinear character was apparent in the whole temperature range Af<T<Mf. Both types of automodulation are observed only if the amplitude exceeds a critical value. Details of all three modes of oscillations depend on the thermal and vibrational history of the sample. Automodulations have previously been observed in Zn(7), Cu(B), Ge (9) , and CuZnAl (10) . Only the ones in Zn and Cu have been documented. The the case of Cu they appear to he mixed while in the case of Zn they belong to the relaxation type. In both cases do the details of the automodulation depend on the previous treatment of the crystal. Common to both is the fact that automodulation could only be observed if the amplitude of oscillation exceeded a critical value.
In summary, it can be stated that the theory of nonlinear anelasticity predicts three types of oscillation all of which have been observed. The typical nonlinear phenomena, particularly the automodulations, will only occur if the process expected to give rise to them, deformation by moving interfaces, is activated. This only happens at a finite critical amplitude. Therefore, the essential features of the macroscopic phenomenological theory and the microscopic behavior are self-consistent.
